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Bagkward Direotion: n-) Mycu > no Lyc,[(;s
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same time is cqaol to *he product of fheiv

individaal 'grabnbfl?{»ics.

Tinclusion - Exclugisn
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Madels |how oty Foames  an evént happeas in a fixed

interval,

A< avem7e number of cuemhs per interval

N A%
P(U::‘. M)z 5 P(A). LE evnbs are mmﬂml{/ exclusive, the P()(:x) z e_)(‘—]A— E[X]:)\ Var(X) =2
il .
probabikity of +heir wnigh s Fae sum of ther indiuidual
P«roha.h[ lities a5 there s wno  double LouM;mJ-. Distributions
T Name Pavame fers Abbv. PMF (P(X=x)) EIX] Var (X)
MKU_QM Bernoulli - kil P(Xgo’) 2 "P B B -
n 1 n p = probability ot suaes| X ~ B(p) P(X=1)2p ElX]=p | Var(x) = (i-p)
PLUR A Z PA). The pnbmbvl,w of the anion of the event = humbie of Toek
- T .. . Binamial |2 oroba ity st succos| ~Bilng) | P(x=x)=(3)p(1-e)"™ | ETX]=np | Var ()= mpli-)
s ab  mog f the saw ot Hheir  tndividual Geometric| p = probabilily oF soccess | XovGeom(g) | P(X=x)= pli-p)"" EX=3 |- 2
Poisson | A= mcan number of event] X~ Pois()) | p(Xzx)= Mg E[X]=A | Var(x)= A

Prebabifa’ﬁes,ﬂﬁs frtars  when tThe ckenhy are

\/r\v\{"/\m\lj exclusive, 0¥herwTse  The p/‘okabfi#v of their

Markov’s Tncquality

S‘Ar]&ih?" . union will be less, PO( 24 ¢ EEX) Lor @ nomaja,ﬁvr, RU, X with a finike mean.
TV\JM‘»AA Surjection Bijectio Rasndom Varidple The probability that X=zc 0> at most The mean of X over
>4g ‘2:2‘ 2':_:2 Define random varieble X= # of heads . The chance ™ that X is at least a 15 at most the average
3 ¢ 3> 23— ( For entcome w= HHH x=3 size of X divided bj a. Given o swall mean the )0/\0(461[4;[7/3
L’_ﬁo Y ¢ H—ao HHT—
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Hm“’ing Problem : TeseralJr(P,x): true & pregram P halts  on
input x, falsc if P leops on x. Detfine T(m»AjCP) o leop if
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Discrete  Probability
Samplc pofA‘er)iThe outcome of a 5.‘¢ﬁle randsm  expepiment,
(HH i, HEHT, et)

Sample Space (2): The set of all passible outcomes.
(Hktn - TTTT)

Pr‘obabf(}@ Space . The sample space N togefher with P[w]

for each poiak w, st Gl probabilifies are between O and |
inclusive, and e sum of alf probabilities s 1.
Euent (B) : Subset pf the semple Space o P[AJ=
Complew»em{—(ﬁ)i Set of all sawmple poits not in event A.
PlAT« P[A]- |

Uniform P/‘olﬂo.loi(a’fj Space A prowaloi[}%j Space in whith each

Z Plv]

wEA

SGNPIE POM,‘I’ l'la,; the same P/‘OWW/_II"U.
Pl |A] . #outcomes that satishy A
A] lﬁf = h +otal outcomes

E[J % a- PLX=q]
Linearity of Expectation: E[X+¥]= E[x]*E[Y]
E[ex] = E[x], Ve €R
Law of tne Uncomscions Statistreian (LOTUS):
ELF(X1= & 46D P(x=2)

For examyle, E[Xz]:§ x*P[X=A]

\/NiamceiAvemﬁe squared distance oF a  randem variable
s mean . VW(X"Y)CVWOQ)H/M O’) it indsge ndent.
Var(x)= E[Cx-€0D) T < E[x*T - (E(<D)*

Fre

Erom
varigncee . Measarcs linear association betwee,,

twd  randem variable

Cou(x,¥) = E[(x-Ex1)(¥-E[1)]= EXY] - E[¥]E[Y]
IE X and Voare independsnt , the Cou(x,¥)=0 bl

E[x]=

Co'f'f(lmjrio/\: NO-"W\u'T?C)d Lovariance EXTELN)
Y
Corr (X,Y)= —CWO(/ ~ - ¢
ore (%,9) o Vo P(xny)-p(x)P(Y)

Properties . Vav (cX) = *Var (x)
Var (X +b)< Var (x)

Var (X<Y)= Var(x) r Var (¥) + 2Cov xv)
(ou(%,%) = Var (x)

U/\ﬁlojshevé Lnequality
PUX'E[XHZCMV%C‘) for botn tuils

The prebability that & RV X Ts at least ¢ away
from it mean oot mosk Vour()()/cl- The
probability a RV s far From its mean s swal)
and it shrinks with \/Co{l’sf‘qmccjl

P(x-E0029 < Pl x-EDGI= 9« Yl

STv\ﬁ fe faif Bothh tuils

(entral Limit Theorem

Whea n 7 low‘gg/ the  dntribation of the sample mean or
of identical distribution RUs leoks Normal,
N,jardlm of tae oriﬁhaql Aister b tion,

X, %2, Xz, ...y X - Tandepeudent and ientically distributed (i.i.4.) RVs

Each Xi has mean, M, gnd standard deviaton, ¢,

SaW\ple SUM

Sample Sum! Sw=% % Elsdena  SO(s)s fae
mean i Ivar?amc,c
iy
Sn ’\,\,’N(V&A,V\T ) for Large n
5ample Mean’ Xa =;.L_2 X E[xJ=a 5D (X.) :I—i:
mean L/Va.r?ancclul

N 2
)ZMZN(/‘/%) for lage n

(onditional pr‘ebabi/i’r\\j "

Eveat Parfioning: A= AURD..UA: aud Ak, are matuall
exclusive.

Total Probability Rule: P[e]-LZ‘ Pl8NA{] % P[B1ATP[AT
Stnee A avers all of tae sample space,so Jou can
sum Hhe  pababilities  of 8 gad Ay happeniag at fle
Same  +1Me,

Tndegendente & Events A and B ave ndependent if
kaowing one  happened  doesu’s a(/mwye, e fwelmbil.‘@

of the other, Pla1g)=F() PR
P(e1m) =P(® g
P(A (\B)=P(R)P(H)
Pairwise Tadependence  Assume events A B C These art

pairwise  Tndependent if  AB BC, and AC ave all
independent

Bernoulli Distyibution
X is a Bernonlli  rondem vavialole

p- X ¢ {O, |3 . PLX:’ [): P, P(x:oj 2 [/P
et lp be the Berngulli JariaVle for eveat A w/
parameter  P(A).

Elin]= P(A) =p

Var (14) - pLi-p)

withh paameten

Contimunods Random Variable

Ta k@s MV!Loun‘)ubéy Mamj Valwes(o,u\‘) real wumber Tn an iwi’cm/al)
P(_XCD«)=0 becanse a siugle Paird- has wno widtu. Tustead 01" Plx=a),
p(acXeh). Whet B the prbabilify that a RV lies in Some interva)

Probabi mj Density Function

v

The POF is twe actual carve ©
s TL&"C Men wvwlef Hhe cwrve,

§ the dAisteibution. Probabdility

Bingmial Pistribation
Models e nu M ber of suesses in n ino{apeuo{e/tf
identical trials,where each tvial sugeeds with

pfobabilﬁrj 3 For  example, {l:pp/\nj a coin maltiple

times (_,)V\,K/L"y&5 o Poisson  ag note
1 £lp T s H
Letr % = 10 ptherwisc
Xi ™~ BCI’/\O\I.H"G) Xi i Bervwouhi RU with P/'Obalffhb p
Let Xz ,—2{ X; ‘O(X:x): (?)qu-p)“-x
K~ Bin ("/PJ X s Binomial RV with w trials and

probability p. | ]
L= % E(x)e %Il p="° Var(X) :(; Var (X;) >i§ pli-p)

2l

Ee |7 xf6a

Pro perties | o
0 P(r2n 4

0} Nan-negahvf%ji £, 20 for all X L

©) Tnterual Probability! PlasX<8) = [, 01 o
[

(3) Normalization j_w f D df=l Tokl  probability sams fo |

(umu lgtive Distribation Function
F@-P(X<a) | Gives Hhe probability that X s to fhe

[eHf of a. J P(aéXsb)=P(a4X</o)
Py(a) = j:o f) de T2 Flos L0
Properties:

Noa decregsing: Fy(x) ves doww, only add probability as
®g9‘4 go /‘&;L:m xle ACVMJ % and © vefer to Hhe bounds

only ovtr ¢ tod, use ¢ and d

= np(1p)

- lim of the domam of X.So if X is
@L'leb: xli)w-‘mg‘&)so X0 Fx(’\): J

instead of -6 aud co.



Dfscr@JrG V5. Cow}'«’mwus
Discrete
EXP@L‘[’@HGV\ E[Xj 2 (% o P[X”‘]

(ontinuou s

EDx]= 1% o, (4) da
LoTus  Elg0l= EgCIP0=0  E[qp0T=[", o) &)

Total Prol, Pll= € P[B1ATPLAT

=

(8] :J:P[ BlaJ £ (&) dt

Vacionce Vo)< €[50 Vorde [0 (004

Uniform  Distribution

R random variable s unifrm on an iaterval TE cvory

valwe  of the RU withia  the  Mierval aqwa“y f/\lcely
XNUV\?{“NM.(D\,@) ,where a b the Mferval

3
XS

x<a

0
COF: K ()= s asxsb
1 x>b

L x €[a,b]
Pprfwe { °S

ofhgrariae

Plcexsd)= bﬂi :

A

?V\'"’C/(/ﬁb, ot F/‘bhqlz’;’;‘/‘j
tnterval of disteibation

(b-a)
12

E[x]= LZ*P Vae(x)=

Exponwhql Distvibutions
Models waif’Mﬂ
X~ Exp(A) ~> X Zdime antil first success , A< rate  at
whiclh

time uatil an eveat ha/opews

Swnesses

{/mp,ael/\

x20
o¥herwise

(OF: Fy (= P(xet) =]-eM
Probokility fhat X hagens
by +

Mx
POF‘ #KLX): {)\g
Plagxeh)~ L‘/\&-xw

Swrvival fwc{ﬂalf’rwmb;’ffly that 9&{/‘%% survives past 4
S8 Plx=) <1 F) <o

BBy Var(W)=
Memefﬁ less Pmpcﬁj‘. I¢ m time has al/‘eao{q posk, tire
additional waif—i.»U time  does nof d,e'aev\d on the

PM{" P[x smen | x >w\): PCKW\)

Markov Chains  Definitious

Teredacible ! Lan g0 from guery state 7 o every other
state i o finike # of steps. Rlso means T exish,
Period of Stute i Find all  the possible  pati to
go trom state ; back + sfate ;. Recard Fhe step
connt  for each, Tyke the \9£4 of all +e Step

to get the pesiod of Stafe T

IF A MARKOV CHAIN 15 1RREDYCIBLE, ALL STATES
HAVE THE SAME PERiDDI!!

connts

Agew‘ad\“;
Period of all states ~ |,
h m pf Wains

LE o Markow Chain 75 wvedacible and ageridic, then
for ang sﬁarﬁ‘.«y distri bution (:’.e. £05 0.5} means S0% chamc.
start i state 0 and S0% ia state 1) the pmhab;t;fy of
bamg i shate T at cftp n converges to the same valie

M from the rwvariant disteibation T

Formally, it a Markes Chain s ireducible and  aperiodic,
then  for any inifial distribution T, we have that

Ta =1 45 n=>c0,aad T i Hee unigue invariant A isteibation

for  tue

Marckou ¢4,

Markow Chain  Applications

Let X= # of steps before veaghing state A
M) =0 # ( TADKleady at A
d\(f_)= |+ 2 P(UJ) ‘*éj) = éﬁﬁ Leom it J /ﬂLW funre S"@fs

Probabilig of Reachwy A before B:

Ai)e ]l Hizh = Al/‘c«d,j at A

d\(i):O €= R :7A|:f‘@ow‘j at+ 8

a(= 2 PG4 = Land in state § with p= PG,3) and
futwre Steps = (p)

r iotri ion
X~N(#,6%) meqns X
Mmean M and varieuce °
PDF: £, (e o~ /27)
2o (DF! F (x)=P(X2 x)
Plae Xst) = [, ods .

TS V\o/‘ma}/y distribuated with

,',2

"""‘,.—'—\f‘ e Zdt
¢ 2m J-w

E[X]:M \/a,v‘ CX)Z 0_\2 X ~ N (JJ /a-z)
Z: X-M
@
Sum ot Iuwlep&ﬂd&t/\f‘ Normals: 2~ N,V

X"" N(O/ D CU/\,A V’V N(,O/ D

P(xex)- P25 27
2:aX+bY’VN(0/aZ+bL) f

Euclidean  Algorithm for Finding Tuverses
Find inverse of 63(W\od 70

(3(0) +71(1)=7) E,

63(1) +71(0) =63 E,

63(-1) + 71(1) = 8 E,-E -
€3(%) v 71()= 7 E.<E,- 7€,
63(-1) ¢ 71(8 )= E, =E -€,

So 63(- =1 (mod 7) 50 inverse 15 - q=62(mod 7)

Markov (hais
States - represeuted bj cincles
Tramsition  Probabilities 30@\\7 onf of any state shoald

add +o I

T=MP, T i a vector of +he probability  diteibution
P/

O{’ Xup, = DTu T Trn] IQ (—
To
) ? | 2 @ /V@
0] 0 0 K (j"/z
pefrond e 0 e 0
2 (e ph O
Al rows add 4o D.
Represent Final states with o gelt leop of p=I.
Solving *
1 )
@ Weite ouf balance eqlvmhovns and %"izl
me T mlzfm m w1 o o
P O Iy
g plt 0
Moz Ty #Wp + T L Solve for all Tr in terms
T=The of p.
nz'*ﬁ:(."f’)
Mo +1,+01, = |

Confidonce Tuterval

Us.\/y Chebyshevs Lnequalify, give a 157 confidence
iaterval  he p, 7/‘%4 that SO pogle  Tn 70:/»;/
sample  of (00 pedpte tested posifive for haying
the £la.

Lk X-= pmf?j\on ot ppl «ho tust posi Hive

R - .
X = [,O’D %xl
oo [l
2 E ) L S g (%) = V(X
Varlx)= Vo (g % %) = (60? é o el
Asonme p:%, \/N‘(XJ:p(lfp):%'—,E :-L1L
- {
Var(X): 130 VWCY)‘TW/@
Vcw‘(x,) R
P-Epdl =g € =5 = Gor-
WG/ wont I%I—D? + ba at most (-5 = S4% <0 ;%
g
5]0/ - %OIOJ = 400220 =c¢ = 55 =7¢ =
Actual conter = %07 3'(2’
“ U l
R
(,I l:_i/ o 2+@J
Halting  Problems

@Id@w{'f"{j the p,\oblem bef/lj solved:
Does P(x) halt, loop,ete.

@ Iclcv\*l’ffy fhe /v\q\yfc 1"00/(_9PCCF4| function)

@) (reate an  inner function and pass i a5 an
W\t}mmcm’r b e Magi ool

@ Use some sort of sional in the anev fuaction,
weually call the P(x) foc the prog cam P ond inpuF

X, 3.‘(/&(/\ s Pacmmchz/s.



